Abstract: In this paper, based on the prediction control performances defined over one cycle or multiple cycles, two higher-order ILC schemes have been developed by extending the Generalized Predictive Control (GPC) method to the two-dimensional (2D) system. The dynamics of the ILC system along time and cycle is taken as a 2D system, and the proposed designs integrate optimally the design and the combination of a time-wise GPC scheme and a cycle-wise ILC scheme in 2D sense. The simulations show the feasibility and effectiveness of the proposed algorithms.
INTRODUCTION
Iterative learning control (ILC) improves the control performance from cycle to cycle by using the control information of the past cycles. In the earlier researches (Moore, 1993) , as the cycle-wise convergence was concerned only, the proposed control laws are essentially open-loop feed-forward control along time for each cycle, which can not guarantee the time-wise control performance within each cycle. To solve this problem, a time-wise feedback control was proposed to combine with cycle-wise ILC, resulting in the feedback feed-forward ILC schemes (Amann et al., 1996) . An ILC system is essentially a two-dimensional (2D) system (Kaczorek, 1985) , where dynamics along time is determined by process and dynamics along cycle is introduced by ILC law. From 2D system viewpoint, a feedback feed-forward ILC is a 2D feedback control scheme. The major advantage of viewing an ILC system as a 2D system is that the 2D dynamics of the system can be taken into account not only in the process modeling but also in the control performance and controller design, resulting in an united design and optimal combination of the real-time feedback control and cycle-wise ILC in the 2D sense. Since Geng et al. (1990) first proposed to describe ILC system as a 2D system, the idea of designing ILC from 2D system viewpoint has attracted considerable interest (Kurek et al., 1993; Yamada et al., 2003; Fang et al., 2003) . It is noted that the most existing ILC laws generate the control input for process from the control information of the last one cycle. In terms of cycle index, this kind of control law is referred as first-order ILC law which has relatively poor robust convergence for the uncertainties and disturbance with respect to cycle index. Higher-order ILC laws synthesis the control from the information of past several cycles. It has been illustrated (Bien et al., 1989; Chen et al., 1992 ) that higher-order ILC scheme has good cycle-wise robustness and convergence. The objective of this paper is to extend the philosophy of Generalized Predictive Control (GPC) (Clarke et al., 1987) to the 2D system to accommodate the design of the higher-order feedback feed-forward ILC system. The resulted ILC schemes obtained in this paper are, therefore, referred as higher-order Generalized . In consideration of the 2D dynamics of the ILC system, a 2D cost function defined on prediction horizon of current cycle is firstly optimized based on the 2D prediction model of the control system, resulting in a feedback feed-forward ILC scheme referred as single-cycle higher-order 2D-GPILC scheme. The structure analysis indicates that the resulted control scheme consists of a time-wise GPC ensuring the optimal control performances over the time-wise moving prediction horizon and a cycle-wise ILC guaranteeing the control performance improvement along cycle. To enhance the cycle-wise control performance, a multi-cycle predictive cost function is further proposed to optimize, resulting in multi-cycle higher-order 2D-GPILC scheme. The numerical examples are provided to demonstrate the performance of the proposed schemes.
PROBLEM FORMULATION

Process model and higher-order ILC law
For simplicity, it is assumed in this paper that a repetitive process is described by the following SISO CARIMA model 
For the above process, the following ILC law synthesized from the control information of multiple past cycles, referred as higher-order ILC, is of interest in this paper 
operator polynomial introducing dynamics along cycle index. From 2D system viewpoint, the above control law is a 2D system with a time-wise integrator and cycle-wise filter cascaded in 2D sense.
The conventional ILC law (Moore, 1993) , commonly formulated as
is only a cycle-wise feedback control with integral action along cycle index. As more past cycle information is used, higher-order ILC law (4) can enhance the robust convergence and disturbance rejection along cycle index.
Equivalent 2D model and cost function
Substituting (4) into model (1) results in the following closed-loop control system 2 :
viewed as the input, output and disturbance, respectively. Note that model (6) represents a 2D system where the output of the system depends on both time-wise and cycle-wise historical input-output information. In this paper, model (6) is referred as the equivalent 2D model of the ILC system. The design work for updating law ( ) k r t is equivalent to design a 2D feedback control law for 2D system (6). For 2D model 2D P , the following quadratic cost function based on the time-wise moving predictive performance over one cycle is defined as the control performance index
where 1 n , 2 1 2 ( ) n n n are, respectively, referred as the time-wise prediction horizon and time-wise control horizon, 
SINGLE-CYCLE HIGHER-ORDER 2D-GPILC
2D prediction model
In GPC framework, a prediction model for the output estimation over the prediction horizon is required for the derivation of control algorithm. According to 2D equivalent model of the ILC system, at any time t of the k th cycle, the input and output information of the process can be divided into known and unknown parts as follows 
B B
As 2 A is a nonsingular matrix, it follows from (8) that n n , the best prediction of the outputs over the time-wise prediction horizon can be formulated by ,..., 1 i n n , the last 1 2 n n columns of matrix G in the above model should be deleted to accommodate the time-wise control horizon, resulting in a generalized 2D prediction model as follows
In the next subsection, higher-order 2D-GPILC algorithm will be developed based on the above prediction model.
Single-cycle higher-order 2D-GPILC scheme
Quadratic cost function (7) can be expressed in a matrix form
where
The above cost function subject to the following 2D prediction model
where 
It results from optimization algorithm that cost function (14) is minimized by optimal control law 2 * 1 (| )
It then follows from (17)(19)(20) that From 2D system viewpoint, the closed-loop system is a 2D feedback control system composed of 2D plant 2D P and 2D feedback controller 2D GPILC . From ILC system viewpoint, control law (23) can be decomposed as 
Note from (38) and (40) the model-plant -mismatch is significant. The design parameters for the proposed higher-order 2D-GPILC schemes are given in Table 1 . The system responses and control inputs for the sing-cycle and multi-cycle higher-order 2D-GPILC schemes are shown in Fig. 1 and Fig. 2 , respectively, which illustrate the effectiveness and performances of the proposed two ILC schemes. Although, for the multi-cycle scheme, the cycle-wise zero initial condition for ILC law (4) results in significant control error in the first cycle, it is found form the comparison of the sum of squire error (SSE) over each cycle, as shown in Fig. 3 , that multi-cycle higher-order 2D-GPILC scheme has faster convergence rate along cycle index. Cycle (k)
Tracking error -SSE Scheme based on single-cycle cost function Scheme based on multi-cycle cost function Fig. 3 . Comparison of cycle-wise control performances using single-cycle and multi-cycle higher-order 2D-GPILC schemes.
CONCLUSIONS
In this paper, the philosophy of GPC has been extended to the 2D system to solve the design problem of higher-order ILC. Based on the prediction performance indices defined over single cycle and multiply cycles, single-cycle and multi-cycle higher-order 2D-GPILC schemes have been developed. The proposed design methods guarantee the integrated design and optimal combination of a time-wise GPC scheme and cycle-wise ILC scheme in 2D sense.
